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Abstract 

We have two constructions of the level-(0, 1) irreducible representation 
of the quantum toroidal algebra of type A. One is due to Nakajima and 
Varagnolo-Vasserot. They constructed the representation on the direct 
sum of the equivariant K-groups of the quiver varieties of type A. The 
other is due to Saito-Takemura-Uglov and Varagnolo-Vasserot. They con- 
structed the representation on the q-deformed Fock space introduced by 
Kashiwara-Miwa-Stern. 

In this paper we give an explicit isomorphism between these two con- 
structions. For this purpose we construct simultaneous eigenvectors on 
the q-Fock space using nonsymmetric Macdonald polynomials. Then the 
isomorphism is given by corresponding these vectors to the torus fixed 
points on the quiver varieties. 
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1 Introduction 

Geometry of quiver varieties, introduced by Nakajima, involves rich math- 
ematical structures. 

One of the most notable result is Nakajima's construction of representations 
of quantum loop algebras ([H]) : the direct sum of torus equivariant K-groups 
of the quiver varieties is endowed with a structure of a representation of the 
quantum affinization Utz(Lq) of the corresponding Kac-Moody algebra g. The 
resulting representation is what we call an /-highest weight representation, that 
is to say, a "highest weight representation" with respect to the triangular de- 
composition of the quantum loop algebra. 

Let us concentrate our attention on quiver varieties of affine type. They 
appear in gauge theory as framed moduli spaces of instantons on ALE spaces, 
which originally motivated Nakajima to introduce quiver varieties. They also 
have interesting connections with some areas in mathematics such as the theory 
of McKay correspondence and the representation theory of symplectic reflection 
algebras (see [7] and [5] for example). In this point of view, more careful study 
about the actions of the quantum toroidal algebras, quantum affinizations of the 
affine Kac-Moody algebras, on the equivariant K-groups seems to be important. 

Schur-Weyl duality is an equivalence between certain categories of represen- 
tations of g[; and of 6 n . Varagnolo-Vasserot show that there exists an anal- 
ogous duality between the quantum toroidal algebra of type A and a certain 
double affinization of the Hecke algebra of type A, called the toroidal Hecke 
algebra ([IH])- The toroidal Hecke algebra has a remarkable representation 
called Dunkl-Cherednik representation. Applying Schur-Weyl duality for Dunkl- 
Cherednik representation, Saito-Takemura-Uglov and Varagnolo-Vasserot con- 
struct the representation of the quantum toroidal algebra ([15]. [2"U]). The un- 
derlying space is so called the q-Fock space ([8]). 

There are much fewer things known about representations of quantum toroidal 
algebras than of quantum affine algebras. Now, at least, we have two construc- 
tions of the representation of the quantum toroidal algebra of type A. In this 
paper we give an explicit isomorphism between these two constructions. We 
hope it will be helpful for further analyses of the representation, such as study 
of canonical bases of the representations. 

We can describe the representation on the equivariant K-groups in a combi- 
natorial manner using the localization theorem ( [22] ) . In particular, the torus 
fixed points correspond to simultaneous eigenvectors for the action of a certain 
subalgebra of the quantum toroidal algebra. Our strategy is to construct simul- 
taneous eigenvectors on the q-Fock space. The isomorphism will be given by 
corresponding these vectors to the torus fixed points. For the construction of 
simultaneous eigenvectors, nonsymmetric Macdonald polynomials plays 
a crucial role, where nonsymmetric Macdonald polynomials are simultaneous 
eigenvectors for Dunkl-Cherednik operators ([5], [TT], [T3]). 
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Takcmura-Uglov described the irreducible decomposition of the q-Fock space 
as the representation of a certain subalgebra of the quantum toroidal algebra, 
which is isomorphic to the quantum affine algebra (J7\). They also showed that 
each irreducible components are isomorphic to tensor products of fundamental 
representations. For this purpose they introduced specific vectors of the q-Fock 
space using nonsymmetric Macdonald polynomials (see Remark 16. 2. 2 [I . 

In this paper we introduce new vectors. We also use nonsymmetric Macdon- 
ald polynomials, but an additional operation is required (see 16 .2.T1) . They are 
simultaneous eigenvectors and the main subject of this paper. These simulta- 
neous eigenvectors allow us a combinatorial description of the representation on 
the q-Fock space and we can see this coincides with the combinatorial descrip- 
tion of the representation on the equivariant K-groups. 

In [21] and [16], the action of the Hall algebra of the cyclic quiver on the 
q-Fock space is studied. The Hall algebra of the cyclic quiver is realized us- 
ing perverse sheaves on the space of representations of the quiver by Lusztig 
([5]). Nakajima's construction of quiver varieties and representations on their 
K-groups are, philosophically, parallel to Lusztig's construction. We could ex- 
pect this observation gives conceptual interpretation of the isomorphism con- 
structed in this paper. In particular, this isomorphism would help us to study of 
canonical bases of the K-groups of quiver varieties (see [TO] and [53], for quiver 
varieties of finite type). 

In Sj3j- Sj5]we are mainly occupied with review of, and arrangement for our 
use of, the results of [55] , [IS]- [E] and [50]. In SjHwe construct the simultaneous 
eigenvectors and in $7] we exhibit the isomorphism. 
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2 Preliminaries 

2.1 Quantum toroidal algebra 
2.1.1 

In this paper we usually take 1Z = C(s 1 / 2 , t 1 ' 2 ) as the coefficient field. We set 
p = t\ q = s 1 'H 1 ' 2 , r = s- 1 ' 2 t 1 ' 2 . 

2.1.2 

Let us define the quantum toroidal algebra C/^(s[/.t or ) (I > 2). This is an 
7?.-algebra generated by e^ n , fi. ni K i and hf m (i € I, n 6 Z, m G Z>o). The 
relations are expressed using the formal series 
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Kf{z) = Kf exp (±(q q- 1 ) ]T hf^A 

V m>0 / 

as follows : 

[K±(z),K±(w)} = [K+(z),Kr(w)} = 0, 

[Kf{z), e»] = £(«;)] =0 (j?i,i± 1), 

(r e z - 9 " 1 W )^ ± (z)e 4+£ H = {r e q- l z - w)e i+e (w)Kf(z) (e = ±1), 
(z - q 2 w)Kf(z)e l (w) = (q 2 z - w)ei{w)Kf (z), 
(r e z - qw)Kf{z)f i+e {w) = {r'qz - w)f i+e (w)Kf(z) (e = ±1), 
(q- 2 z - w)Kf(z)Mw) = {z- q- 2 w)Mw)Kf(z), 

[e i (z),f j ( W )] = S -^^-(Kt( W )-Kr(z)), 

(r e z - q^ 1 w)e t (z)e l+e {w) = (r £ q~ 1 z - w)e l+e (w)e.i(z) (e = ±1), 
(z - q 2 w)e i (z)e l (w) = {q 2 z - w)ei(w)ei(z), 
(r e z - qw)fi(z)f i+£ (w) = (r e qz - w)f i+£ (w)fi(z) (e = ±1), 
(z - q~ 2 w)f t {z)f t (w) = (q~ 2 z - w) } t {w) f t (z) , 
{e i (z 1 )e i (z 2 )e i ±i(w) - (q + q^ 1 )e i (z 1 )ei±i(w)e i (z 2 ) 

+ e i ±i(w)ei(z 1 )ei(z 2 )} + {z\ <-> z 2 } = 0, 
{fi{zi)fi{z 2 )f i±1 {w) - (q + q^ 1 )fi(zi)fi± 1 {w)f i (z 2 ) 

+ fi±i(w)fi(zi)fi(z 2 )} + {zx <-> z 2 } = 0, 

where 5(Z) =J2 neZ Z n . 

Remark. The quantum toroidal algebra in [22] is "twisted" in their words, 
which may or may not be isomorphic to ours. See Remark \3.2.2\ for the relation 
between these two algebras. 

2.1.3 

The horizontal subalgebra U n (si;) is the subalgebra of (sl^tor) gener- 
ated by e^o, fi,o and Kf (i G I). This is isomorphic to U^(sk) <S> TZ. 

The vertical subalgebra (st;) is the subalgebra of U^sl^tor) gener- 
ated by e i<n , f i<n , Kf, and hf m (i 0, n G Z, m G Z >0 ). Define e^, /;,„, Kf 

and h tm b y 

ei{z) = ^e^sT" = ei(r~~ l+l z), 



r l+l z) 



Kf{z) = Kf exp ±(g - q' 1 ) ]T hf m z^ m = Kf{ 



r l+l z) 



m>0 
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(1)' " 

They satisfy the relations in Drinfeld new realization of U' q (sk), and so (sk) 
is also isomorphic to U' q (sk) <8> 7Z. 

2.2 Notations for Young diagrams 
2.2.1 

Let II denote the set of all Young diagrams. We identify a Young diagram with 
a subset of (Z> ) 2 . A node is an element of (Z> ) 2 . 

The content of a node (x, y) is the number x — y. A node is called an i-node 
if its content equals to i modulo I. For A G II let di(X) denote the number of 
i-nodes in A and set d(A) = (dj(A))j = o,...,j-i G Z' '. We define the order > on the 
set of nodes according to their contents. 

For A G II a node (x, y) is called addable if (x, y) ^ A and (x — l,y), (x, y — 
1) G A. A node (x, y) is called removable if (x, y) G A and (x+1, y), (x, y+1) £ 
A. Let A\ t i (resp. i?A,i) denote the set of all addable (removable) i-nodes of A. 

A hook is a pair ((x h , y h ), (x t , y t )) such that (xh,Vh - l),(xt,Vt) G A and 
(x h ,y h ), (x t + l,y t ) <£ A. The hook length of a hook ((x h ,y h ), (x t ,y t )) is the 
number — Xh + yh + x t —yt- A hook is called an /-hook if its length is a multiple 
of I. 

2.2.2 

A Maya diagram with charge c is an infinite decreasing sequence of integers 
k = (fci, &2, ■ • ■) such that k a = —a + c for sufficiently large a. A Maya diagram 
with charge c can be identified with a Young diagram 

A= JJ (a-1,6-1). 

a£Z >0 
l<b<k a +a-c 

Let II C denote the set of all Maya diagrams with charge c. Then II and II C are 
bijective. 

2.2.3 

We sometimes identify a Maya diagram k = (k\, fc 2 , . . .) with the subset {k\, &2, • ■ •} 
of Z. 

If k a — 1 ^ k (a G Z>o), then a node (a — 1, k a + a — c — 1) is a removable 
node. Its content equals to c — k a . If k a + 1 ^ k (a G Z>o), then a node 
(a — l,k a + a — c) is an addable node. Its content equals to c — k a — 1. 

Note that {(a, 6) a e k,6 ^ k,a > t} is a finite set. Such a pair (a, 6) 
corresponds to a hook in term of Young diagram. Its hook length is a — b. 

3 K-theory of quiver varieties 

In this section we review the representation of U^isli.tor) on the equivariant 
K-groups of the quiver varieties of type A. 

A quiver variety, introduced by Nakajima, is a certain moduli space of rep- 
resentations of a quiver. He also introduced a certain subvariety of the prod- 
uct of two quiver varieties called the Hecke correspondence. Using the Hecke 
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correspondence we can construct an action of the quantum amnization of the 
Kac-Moody algebras on the torus equivariant K-groups of the quiver varieties 

By the localization theorem, localized equivariant K-groups have bases in- 
dexed by fixed points. The fixed points of the quiver varieties of type A are 
indexed by Young diagrams. The action of the quantum toroidal algebra can 
be written in terms of Young diagrams ([22], see Theorem 13. 2. 3|) . 

Nakajima's definition of quiver varieties involves parameters v and w, where 
w corresponds to the Z-highest weight of the representation. In this paper we 
work on the case w = (1, 0, . . . , 0) only, in other words, we deal with the level 1 
representation only. 

We do not take the original definition of quiver varieties but another equiv- 
alent one, which works only for the case w = (1,0,..., 0). 

We use d instead of v. 



3.1 Quiver varieties 
3.1.1 

Let (C 2 ) denote the Hilbert scheme of n points on C 2 : 

(C 2 ) M ={J C C[x,y] | dimC[x,y]/J = n}, 

ideal 

and Sym ra C 2 denote the n-th symmetric product of C 2 : 

Sym"C 2 = j^aift | a., G Z >0 , a, = n, pi G C 2 | 

Let 7r denote the Hilbert-Chow morphism : 

tt: (<C 2 ) N — Sym"C 2 

J i — > suppC[x, y]/J- 

We regard 1/11 as the subgroup of SU(2). The action of Z/ZZ on C 2 induces 

the action of Z//Z on Sym"C 2 and (C 2 )'"' so that tt is Z/ZZ-equivariant. Let 

(Sym"C 2 ) Z/K and ((C 2 )["1) Z/K denote the sets of the fixed points. 

Note that for J G ((C 2 )I"1) Z ^ Z , C[x,y]/J has a canonical Z/ZZ-module 
structure. For d = (do, . . . , c^-i) £ Z ( such that dj = n we define the quiver 
variety 971(d) by 

971(d) = | J e ((C 2 )M) Z/ ' Z | dimC[x,j/]/J~0C®*|, 

where Cu\ is the 1-dimensional Z//Z-module with weight i. 
We set 

Ki = — dC*d + do, K2 = n — K%1, 

where C is the Cartan matrix of type Ai-\. Then we have dim 971(d) = 2k\ 
( 12J). Let £ G 1/11 be a generator of 1/11. We define the closed subvariety 



9Ho(d) = \*2 [o] + (to] + ■■■ + e (Sym-c 2 ) 2 

3=1 



Pj G C 2 
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of (Sym"C 2 ) 1 Then we have 7r(9Jt(d)) C fOT (d) (in fact we can check 

7r(9Jl(d)) = ano(d)). 

For d, d' G Z ( such that < for all i, we have the inclusion given by 

9Jto(d) ^ OTo(d') 

X .— ► X + k 3 [0], 

where k 3 = XX — ^»)- We set 

Wl= ]J 971(d), 97l = IJ 9«o(d), 

and 

3 = an x an. 

Note that we introduce 9Jto just only for terminological reason. We work on 971 
and 3, of which connected components are finite dimensional. 

3.1.2 

The natural T = (C*) 2 -action on C 2 induces a T-action on 97T. The T-fixed 
points of 971 are indexed by II. For A G II the corresponding ideal J\ G (C 2 ) ' dcgA ' 
is the ideal generated by {x a y b \ (a,b) £ A}. Then {[x a y b ] G C[x,y]/J \ (a,b) G 
A} forms a basis of C[x,y]/J. 

For C G Z/ZZ we have C • [x a y h ] = ( a - b [x a y h }. So J A G £Dt(d(A)). 

For (s,t) G T we have (s,t) ■ [x a y h ] = s a t h [x a y h }. So C • [x a y b ] = s a t b G 
R(T) = l,[s ± ,t ± ], where R(T) is the representation ring of T and we identify 
the coordinate functions of T with the generators of R(T). Thus for a node 
X = (a, 6), we set \X\ = s a t b G R(T). 

3.2 Representation on K-theory of quiver varieties 
3.2.1 

Let e, denote the i-th coordinate vector in ll . For d 6 Z ! we define the subva- 
riety of 3 by 

B<(d) = {( Ji, J 2 ) G 3 | Ji e 971(d), J 2 g 97t(d + e*), Ji D J 2 } 

This is called the Hecke correspondence. 

Let p e denote the projection from 3 to the e-th factor (e = 1,2) and <7 e 
denote its restriction to Sj(d) C 3- We define the tautological bundle £ on 
Bi(d) by g59J/«I9J. 

3.2.2 

For a T-equivariant vector bundle *B on X, let dct*B denote its determinant, 
A**8 denote its i-th wedge product, and set A Z Q3 = X)i>o(~ Z Y ^ ®- These 
operators can be extended to operators on K T (X). For a Z/ZZ-module M we 
set M, = Hom z/K (C (i) ,M). 
We set 

= (-1 + s + t - si)QJ + 2XJ G K T (97t). 
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We define an action of U^(sli, t or) on K£(9Jt) = K T (97t) <g> K by 

ei, n (x) = c r( d )Pi* (P2* ® (£)"+'^ d )) x S K^(OT(d + e,)), 

/i, n (x) = c+(d)p 2 „ OdetCs- 1 *- 1 ^) ®£ n ) x e K£(0R(cl)), 

K?(«)0"0 = cr(d)ct(d) (a,^ 1 *" 1 - l)^*)) ± x x e K£(3K(d)), 

where the index + (resp. ~) means the expansion as a formal power series in 
z^ 1 (resp. z) and 

C 7(d) = s ( 2d »- d i + i + 1 )/ 2 i(-2d I _ 1 +2d ! - ( i i+1 + l)/2^ 

C+(d) = (_l)-*-l+*-rf«+l s -*-i/2 i di-i/2 ) 

fti(d) = - 2dj + dj+i. 

Remark. We slightly modify the actions in \22j . In fact we have 
e hn = (_i)d* +ls (d (+1 +i)/2 t (-d (+1 +i)/2 n - n) 

fi,n = (-l)* +1 a-* +l / 2 **- I / 2 ^ n> 

^(z) = s (-*-i+'!i + i + l)/2 t (ii,-i-<!, + i + l)/2e±( z ) i 



Here the operators on right hand side are defined in 3. 3 of J22f . where we should 
replace their symbols q, t, k, s with our symbols t, s 7 i, n. 

Substitute this to theorem 2 in '221 and the definition of quantum toroidal 
algebra in [22}, we can verify ei <n) fi <n and K, (z) satisfy the relation in \2.1[ 



3.2.3 

Let i\ denote the inclusion { J\} 971 and 1\ denote the generator of K T ({ J\}). 
We set b x =< a ,(1a) G K T (OT). 
By the localization theorem 

Aen 

Theorem. ([22] lemma 8) For A E II such that d(A) = d we have 



m n n (W /2 H* - (^) 1/2 s* 



x n ((sty^m* (^) 1/2 LW) b, xx 

R£Rx\x,i 



XEA>, 



n (m*-m*) ^b xux 



X 

R&Rx, 



± 

'a- 



W(W = UL — n^i — M n — — I * 

w/iere (s a i 6 )* = S - a t- b for s a t b e i?(T). 
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4 Schur-Weyl duality 

In this section we review Schur-Weyl duality. 

One can construct representations of the quantum affine algebra U' q {s\{) from 
representations of the affine Hecke algebra H^v ([2], see !4.1.3|) . In this construc- 
tion the action is given originally in terms of Chevalley generators. One can 
rewrite the action in terms of Drinfeld generators ([HI], see Theorem 14. 1.4JI . 

Further, Schur-Weyl duality in [2] can be extended to get representations 
of the quantum toroidal algebra U^(sli t tor) from representations of the toroidal 
Hecke algebra H^v- This is done by extending the action of U'Asli) to f7^(s[; ; t or ) 
using the rotation automorphism of the Dynkin diagram of type A ( [VV1] , see 
Theorem 

4.1 Schur-Weyl duality for affine algebras 
4.1.1 

The finite Hecke algebra Hjy is the 1Z- algebra generated by T a ±x (a — 
1, . . . , N — 1) with relations : 

TaTa- 1 = T a - X T a = 1, 

(T a + l)(T a -q 2 ) = 0, 

a-l-a+lJ-a — -'o+l-'a-'a+l, 

T a T b = T b T a (|o-6|>l). 

The affine Hecke algebra Hjv is the 7?.-algebra generated by T a ±x (a = 
1, . . . , N - 1), X a ±l - (a=l,...,N) with relations : 

TaTa' 1 = T a - X T a = 1, 
(T a + l){T a - q 2 ) = 0, 

a^a+l^a — J- a+l-t a 1 a+l i 

T a T b = T b T a (|o-6|>l), 

x a x b — x b x ai 

T a X a T a = q 2 X a +i, 

X b T a = T a X b (6^o,o+l). 

4.1.2 

Let V = TZ l with a basis {v , . . . , We define T G End(V® 2 ) by 

{q 2 v il (8) v i2 if i\ = i 2 , 

qv i2 ® v ix if ii < i 2 , 

qv i2 ® + (q 2 - 1)^! <8> v i2 if i x > i 2 . 

Then we have a left action of H^ on V® N defined by 

T„ 1 — ► T„ = l® a_1 ® T ft l®^-"" 1 . 
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4.1.3 

Let M be a right HAr-module. We define the following operators on M®n N V® N 

N 

e t ( m ®v)=J2 mX s a ^ ® (IT*) -1 • • • (K^y 1 E^ 1 v, 

a=l 
N 

ftm ® v) = mX- s, >" ® Ei- l ^Ki +l ■■■K i N v, 
0=1 

h l {m®v) = m®K{--- K % N v. 

Here J3^ = l®" -1 ® 1®™"°, where £^ G End(V) is the matrix unit with 
respect to the basis vq, . . . and if* = q B » «' . These operators give 

a left l^(s faction on M ® Hjv (0)- 

4.1.4 

An isomorphism between the algebras defined by Chevalley generators and by 
Drinfcld new realization is given in pQ . 

For j = (ji, . . . ,j N ) G {0, . . . , I - 1} N let vj denote v h <g> ■ ■ ■ ® v 3N G V® N . 

For 1 < a, b < N we define 

!T a T a+ i ■ ■ • T fe _i a < b, 
1 a = b, 

T _iT a _ 2 ■ • • T b a>b. 

Theorem. (]19f Theorem 3.3) Assume j is an non- decreasing sequence. We 
put rii = U{a I j a = i} and fii — X)i'=i n i' ■ Let us write j = [no, n%, . . .]. 

For m ® vj G M ®n N V® N the actions of Drinfeld generators of U' q (sk) are 
described as follows : 

ei (z)(m®Vj) =q 1 - n *ml ^ T a ,- ni _ 1+1 \ 5 {q l - l Y fH _ 1+1 z) , 
£C0(m®vj) ^q 1 -"- 1 ™ j £ T 0ift< _ 1 J 5 [q l ~ i Y ni _ 1 z] ®Vj+, 

\ a— fii— 2+1 / 

*JJ)(m ® vj) = m [] 0f ((?'- 4+1 r Q z) \{ 0± x (q^^z) ® y,, 
where = [..., rif_i + 1, n, - 1, . . .], j + = [. . . , n;_i — l,n< + l, . . .] and m (z) = 

g TT1 z— 1 
2-g m 
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4.2 Schur-Weyl duality for toroidal algebras 
4.2.1 

The toroidal Hecke algebra Hjv is the 7?.-algebra generated by T a ±:L (a = 
1,...,N — 1), (a=l,...,N), Y a ±x (a = 1, . . . ,N) with relations : 

T a T a ~ l = T~ X T a = 1, 

(T a + l)(T a -q 2 ) = 0, 

a^a+l^a — J- a+l-L a 1 o+lj 

T a T b = T b T a (|o-6|>l), 

X a X b = Xf,X a , 

T a X a T a = q 2 X a+ i, 

X b T a = T a X b (b^a,a+l), 
Y a Y b = Y b Y a , 
T a Y a T a = q Y a+1 , 

Y b T a = T a Y b (b^a,a+l), 
X Y 1 =pY 1 X , 
X 2 Yf 1 X^ 1 Y 1 = q- 2 Tl 

where X = Xi ■ ■ ■ Xm. 

Let (resp. H]y ) denote the subalgebra generated by {T^* 1 } and {Y a } 
(resp. {T a ±1 } and {X a }). They are isomorphic to Hjv- 

4.2.2 

Let M be a right Hjy-module. Regarding M as a right H)^ -module we have 
the action of U' q {sk) on M ® Hjv V® N bv l4"T31 
We define an operator p on M <Z)n N V® N by 

p(m ® «i t O • • • ® Vijy) = mxf h ■ ■ •Xff ,,N <8> w^-i ® • • • <g> Wjjv-i. 

Lemma. f/iS/ Proposition 3.4) We set X % {z) = ^(r^z) (X = e,f,K ± ). 
Then we have 

Xi-i(z) = p~ x o Afj(g _1 r _1 2:) o p 

Theorem. (JWj Theorem 3.5) The action ofU' q (sk)<8>TZ ~ ^'(slj) onM® H]v 
y®" can fee extended to an action of U^(sli.tor) so that the actions of Xq 
(X = e, /, If J are are given by 

X {z) = p- 1 oX 1 {q- 1 r- 1 z)op 

5 Representation on the q-Fock space 

In this section we review the action of C/^(s[/,t or ) on the q-Fock space fol- 
lowing [15] and [20] , 

As a q-analogue of the permutation representation , 1Z\zr, . . . , zji] has a right 
Hjv-module structure. We define the q- wedge space by lZ[z^ , . . . , z^]^>n N V® N . 
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This is the q-analogue of the classical wedge space ® N V(z) / ©Ker(id+<7i), where 
(Ji is the generator of Sat. 

We define the q-Fock space taking "limit" of the q- wedge space. In other 
words the q-Fock space is the q-analogue of the classical semi-infinite wedge 
space. 

It is known the right H^v-module structure on 1Z[zf, . . . , zfy can be extended 
to a right Hjv-module structure called Dunkl-Cherednik representation. By 
Schur-Weyl duality described in I4.2.2) we have an action of U^(sli : tor) on the 
q-wedge space. This can be naturally lifted to an action on the q-Fock space. 

5.1 The q-Fock space 

Here we review the definition of the q-Fock space. The reader can refer to [8 
for detail. 

5.1.1 

For 1 < a < b < N let us define an operator g a b on TV\z^ 1 , . . . , z^ 1 ] by 

q^Za ~qz b 

gab = (dab -l)+q, 

Za ~ Z b 

where a a b is the operator defined by the permutation of variables z a and Zb- 
Then we have a right action of H^r on TV\z^ 1 , . . . , z^ 1 ] defined by 

p „ 
T a ' — > T a = (q - 1) - qg a ,a+i- 

5.1.2 

Let V(z) = 7e[z ±1 ] ® V. We define 

A N V(z)=Tl[zf 1 ,...,zP} ® Hn v® n 

= ® N v{z) I 22 Im ( T * ® iv®" - i W [«± i ,...,4 i ] ® T > 

a=l ^ 

This is called the q-wedge space. 
5.1.3 

We write Uk — z m ®Vj for k = j — l(m+ 1). Let Uk 1 A • • • Aiik N denote the image 
of Mfcj (8) • • • <g> uu N for the quotient map. We say A • • • A uu N is normally 
ordered if k a > kb for a < b. 

For N = 2 wc can verify that if k = k' then 

u k A = -u^ A u k , 

and if k < k' and k — k 1 = i (1 < i < I — 1) then 

Uk A u k ' = -qu k > A u k +(q 2 - l)(u k '-i A u k+ i 

- quk'-i A u k +i + q 2 u k >-i-i A u k+ i +l ) 

where the summation continues as long as the wedge is normally ordered. 
The set of all normally ordered wedges forms a basis of l\ N V(z). 
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5.1.4 

For c G Z and < N < N' we define 

(&!,...,%) i — > (k u ...,k N ,-N + c-l,...,-N' + c). 

For k = (ki , . . . , fcjv) G let us write Wk = 1% A ■ • ■ A Ufe N . We can check the 
well-definedness of the map 

A N V(z) — ► A w V(z) 
We write l c n n , for this map as well. 



5.1.5 

We define 



F(c) = Urn A^Vfc), F = F(c), 



cEZ, 



and l% by the canonical map from A N V(z) to F(e). F (resp. F(c)) is called 
the q-Fock space (with charge c). An element of F (resp. F(c)) is called a 
semi-infinite wedge (with charge c). 

Let k = (fci, &2, . • •) be a Maya diagram with charge c (we use k both for an 
element of 1 N and for an infinite sequence of integers by abuse of notations), 
then Uk = Uk t A u^ 2 A • • • is a semi-infinite wedge with charge c. Note that 
{itk | k G n c } forms a basis of F(c). 



5.2 Representation on the q-Fock space 
5.2.1 

Let us consider the following operators on TZ[z^, . . . , zfy : 

Y a N) = 9a^+l a a,a+l ■ ' ' 9a,N a a,Np Da (Tl.offl.o ' ' " O'a-X.ofl'o-l.o (a G {1, . . . , N}) 

where p Da is the difference operator given by 

p Da f(zi, ■ ■ ■ ,z a , . ■ ■ ,z N ) = /(zi, . . . ,pz a , . . -,z N ), / G 1l[zf x , z^ 1 }. 

The operator Ya N ^ is called Dunkl-Cherednik operator. Then the action of 
Hjv defined in 14.1.21 can be extended to the action of Hat by 

Fa 1 * F a , I * Z a j I * Q Y' a ^ . 

This is called Dunkl-Cherednik representation ([3], [1], [S]). 

By the Schur-Weyl duality explained in !4.2.2l we have an action of U^(sli t or ) 
on A N V{z) = 1Z[zf\ zf] ® H „ V® N . 
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5.2.2 

For k e Z N we define m e Z w and j e {0, . . . , I - 1} by k a = j Q - Z(m a + 1). 
Note that z m ® vj = itk- We identify k G Z w with the pair (m,j). Let m c = 
(mi, . . . , ton) € Z w denote the sequence obtained from k c = (c — a)i< a <N. 
Let A4^ r ; denote the set of all m such that 

• m is non-decreasing with no more than I elements of any given value, and 

• m-a > m c a for all a and Y](m a — m c a ) = 7. 
For meMj] we define 

J{m) — {j S {0, . . . , I — 1} N I j a < jb for a < b such that m a — m&}. 
We define 

Vn J = Ku k CA N V(z). 
mew;] jej(m) 

(1)' ' 

We can check this is invariant under the Uj^ (stz)-action. 

We can see that for a, (3 S Z such that al + c> -fl and (3 > a the restriction 

, C :7 _ ,C I . T/ C :7 . T/ C .7 

is an isomorphism as vector spaces. 

Theorem, ( ^f i7f Proposition 6) t>a?+c pi+c * s an isomorphism as Uj^ (si;) -modules. 
5.2.3 

For k G II C we set degk = XX TO a — m a)- Note that this is well-defined. We set 

F(ch= nu k dF{c). 
7en c 

dcg k— 7 

For a <E Z such that a/ + c > 7Z the restriction 

L al+c : oo — b al+c,oo\V^ l 1 +c '■ V al+c > V \ C )l 

is an isomorphism as vector space. By Theorem 15.2.21 we can extend the 
(sli)-action to F(c) r , and so to F(c). 

5.2.4 

We define 

p N : Z N — » Z N 

(ki,...,k N ) 1 — ► (fci - 1, . . . ,k N - 1). 

We write pn as well for the map A N V(z) — > A^V^z) given by «k 1— * w PJV (k)- 
We can see this is compatible with the construction of p in 14.2.21 
We also define 

Poo- n c — ► n c _i 

(fci,fc 2 ,...) 1— » (fci -l,fc 2 -!,...)■ 
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and Poo : F{c) ->F(c-l). 

For < N < N' < oo we have 

t JV,Af' ° PN = PN> ° L N,N'- 

Thus the action of J74(s[z,tor) on /\ N V(z) can be extended to F so that 
X (z) = P -J o X 1 (q- 1 r- 1 z) o Poo (X = e, /, K±). 

6 Simultaneous eigenvectors 

In this section we construct simultaneous eigenvectors for the actions of 
K i (z)'s on the q-Fock space, which are the main subjects of this paper. 

In i jG.ll we review nonsymmetric Macdonald polynomials ([5], [TT], [H]). For 
m 6 Z N , nonsymmetric Macdonald polynomial $ m E C[zf, . . . , z^) is a si- 
multaneous eigenvector of Dunkl-Cherednik operators. The transition matrix 
between monomials and nonsymmetric Macdonald polynomials is upper trian- 
gular with respect to the Bruhat order on Z N . The actions of the finite Hecke 
algebra generators T a on nonsymmetric Macdonald polynomials can be simply 
described (see Proposition 16. 1 .4f . 

For k = (fci > • • ■ > /cjv) we define a vector \l/ k = <E>— ® vj in the q- 
wedge space fDefinition 16.2.2(1 . where m and j are given by "renumbering" of 
(ki, ■ ■ . , fcjv) so that j is non-decreasing (|6.2.ip . It follows immediately from 
Theorem 14. 1 .41 that is a simultaneous eigenvector for the actions of Kf(zYs 
(i 7^ 0). We can check 

• the eigenvalues are multiplicity free (Proposition 16. 23| . and 

• the transition matrix between normally ordered wedges and { , F k } is upper 
triangular (Proposition 16.2.3]) . in particular {^ k } forms a basis of the q- 
wedge space. 

So the vector ^ k is characterized in term of the actions of Kf(z)'s (i ^ 0) 
fCorollary |6.2.5|) . Further, using them we can verify 

• vj/ k is also a simultaneous eigenvector for K^{z) (Corollarv l6.2.6p . and 

• <F k can be lifted to the q-Fock space (Definition 16.2.8)) . 

We can see the eigenvalues coincide with the eigenvalues of the torus fixed points 
in the representation on the equivariant K-groups of the quiver varieties. 

6.1 Nonsymmetric Macdonald polynomials 
6.1.1 

Let us define the Bruhat order. This is the partial order on 1 N given by the 
transitive closure of the following two relations : 
For x = (xi, . . . , xn) & Z N 

• If 1 < i < j < N and Xi > xj then x >- cr^x, and 

• 1 < i < j ' < N and xi — x 3 > 1 then cr.^ x >- x + e j — e j where is the 
i-th coordinate vector. 
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6.1.2 

For x E Z N let cr x denote the unique element of ©at satisfying the following 
conditions : 

• if cr x (a) < er x (a') then a; CTjc ( a) > x a ^ a ,), and 

• if a < a' and x^^ = x ax ^ a ^ then c x (a) < cr x (a'). 

6.1.3 

We can see that H-lzf 1 , . . . , z^ 1 ] has the basis {<& m (z) | m e Z N } such that 

• $ m (z) = z m + £ n ^ m c(m, n)z n (3c(m, n) G 72.), 

• $ m (z)F a (Ar) = Ca(m)$ m (z), where Ca(m) = p"»ag2<r m (a)-w-i_ 
$ m (z) is called nonsymmetric Macdonald polynomial ([5], [TT], [T4]). 

6.1.4 

Proposition, (see [18] §1-5) 

[^^ 1 <f m (z)-^ m (z) (m a <m a+1 ), 
where cr a m = (. . . ,m a+ i,m a , . . .) and x = ■ 

6.2 Simultaneous eigenvectors and its properties 
6.2.1 

For a G Sat we define cx G 6at by 17(a) — N — er(a) + 1. 

Fork G = {k G Z N | fci > ■ • • > k N } we define m = (m 1; . . . ,m N ) G 
andj = (j 1 ,...,j Ar )e{0,...,/-l} A, by 

™„ = ™*j(o), i a =iaj(a)- 

Note that 

• m is non-decreasing, and if a < 6, m a = to& then j a > jb, 

• j is non-decreasing, and if a < 0, j = j then m a > m b , 

Example. For k = (5, 3, 1, -6, -7, -8, -9, -10) we have 

f m \ _ / -2 -1 -1 1 1 1 1 1 \ 

V j / V o 3 1 43210J' 

/ m \ _ / 1 -2 1 -1 1 1 -1 1 \ 

V 1 / V 1 1 23 3 4 / ' 

In the following figure, 
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• enumerate the boxes from lower rows to upper rows and from right to left 
in a row, then {j a ,rn a ) is the coordinate of the a-th box, and 

• enumerate the boxes from left columns to right columns and from the top 
to the bottom in a column, then (j ,m a ) is the coordinate of the a-th box. 



1 




-10 1 |-9| 




-7 


1 l~ 6 





-5 


-4 


-3 


-2 


-1 


-1 








2 


3 


4 


-2 


5 


6 


7 


8 


9 


T 





1 


2 


3 


4 



m 



We define a partial order < on by 

k' < k •<=>• j = j and m' -< m . 

6.2.2 

Definition. For keZf me define * k = $22.® vj G A N V(z). 

Remark. Takemura- Uglov introduced vectors <& m <g)Vj G A V(z) in f_?7| / ; which 
are different from ours. 

Proposition. \& k is a simultaneous eigenvector for the actions of K^(z) 's (i G 

{i,...,z-i};. 

Proof. It follows from Theorem 14.1.41 and the definition of <I>— in 16.1.31 □ 
6.2.3 

For k G we define 

e(k) = tt{(a,6) I a < b,d%(a) > b%_{b)}. 

Proposition. 

* k = (-g) e(k) " k + J2 c ( k ' k > k ' ( 3c ( k ' k ') e 

k'<ik 

Proof. By the definition of nonsymmetric Macdonald polynomials in 16.1. 3[ 
$2i ® vj = z— ® vj + ^ c(m, m')z m ' ® vj (3c(m, m') G 72.). 

m ' -< 111 

On the other hand by the relation in 15.1.21 we can verify 

®Vj = (_ g ) C (m',j) z ^(m') (g)v^ ( j) 

+ ]T c'(m',m")^( m ")®v ff — ( j) (3c'(m',m") G7e) 
and c(m, j) = e(k). Then the statement follows. □ 
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Corollary. If N > 7/, then {# k | k G Z£ } is a &asis 0/ V^' 7 



For k G Z"'+ c (aZ + c > 7Z), let A denote the Young diagram corresponding to 



We define 

z£ 7 = {kez£ |mG^}. 

Note that if k G Z^ 7 and k' < k, then k' G . 
6.2.4 

Proposition, for i = 1, . . . , I — 1 we have 

yr {stf/^t-^Z- {St)- 1 ' 2 yr ( S t) ~V 2 [H* t~ c ~ ^ - (st) V 2 | 

Proof. By Theorem 14. 1 .41 and the defining relations Kf(z) = K^{r l ~ l z), it is 
sufficient to show 

Ja=»— 1 j&=» 

n (g^av^^M^! n (^)" 1/2 H v ^-( sf ) 1/2 V^ m 

First we have 

$Slgi-»+ 1 r i-*y Q = qt-i+l r l-i q l-N p m a (Tmial-N-lQm 

— „crm(a)~N+l/2£cr SL (a)-N-i+l(m a + l) + l/2q ) m 
= iS -'fj _1 (a)+3/2 i -<Tj- 1 (a)-fe a + l/2 $ m^ 

< j ) m^-i-l r /-iy b _ gCTm (6)-JV-l/2^o- aL (6)-JV-i+i(m ) ,+l)-l/2^m 
= s -^ 1 (b) + l/2 t -a i - 1 {b)~k b + l/2^m^ 

We classify the elements of {a \ j a = i — 1} U {6 | jb = i} into three types : 

(1) a and b such that m a = rrib, j a — i — 1, jb — h 

(2) a such that j a = i — 1 and (m a , i) ^ k, and 

(3) b such that jb = i and (mj,, i — 1) ^ k. 

In the case of type (1), we have a] (a) — 1 = ctj 1 (b), k a + 1 = fcf,. Thus 

$Hl^-i r i-i-ly o _ $tn q l-i-2 r l-i-l Ybj 

and so 

$^6»! (g , - < y B r , -*- 1 «) 9-i (q^^Ybr 1 ^- 1 z) = $s 



k 
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In the case of type (2), the node A = (cjj 1 (a) — l,erj 1 (a) + k a — c) is an addable 
i-node. We have 

(g , - < y o r , - < - 1 «) = 0! ( s --J- 1 («)+3/2 t -^ j - 1 (a)-fe. + l/2^ $ m 

[4]V c z-l 

In the case of type (3), the node R = (<5j — 1 (6) — l,<7j~ (b) + — c — 1) is a 
removable i-node. We have 

$m 01 (ql-i-lyy-^z) = 6 1 ^ s -^- 1 (b)+y2 t -a 3 -\b)-k b + l/2 z ^ $ m 

_ (st)-^m*t- c z-(sty/^ m 

Thus the claim follows. □ 
6.2.5 

Proposition. Ifk, k' G Z"'+ c (al + c> jl) and the eigenvalues of Kf(z) for 
^ k and 5 (k coincide for all i G {1, . . . , I — I}, then k = k'. 

Proof. The coincidence of the eigenvalues of Kf(z) implies 
AeA X:i ReR\,i 

x n iM*t- c z-i ii rj]*t- c z-i 
= n m*t- c z-i n m*t- c z -i 

AeA X:i ReRx.i 

x jj {stfi 2 m*t- c z - (sty 1 / 2 n (st)-y 2 m*t- c z-(st)^ 2 . 

AeA x , A ReR x , t 

Since \{(s, t) \ s — t = n} n (Aa U /2a) | < 1 f° r any n G Z, we have 

n ({sty/ 2 wt- c z-{st)-" 2 ) 

A&A Xii 

n ({st)-v 2 wt- c z-{stY/ 2 ) 



X 



for any X G A\,i U i?A,i- So we have X G ^4a',i U R\\i, and it follows that 

A\.i U i?A,i = ^A',i U R\',i- 

It is easy to see the set Ui^o u ^A,») determines A. So the claim follows. 

□ 
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Corollary. If X E /\ N V(z) is a simultaneous eigenvector for the actions of 
K±{z)'s (i E {1,. - I}) and 

X = (-q) e ^u k + c ( k 'H' (3c(k') e K), 

k'<]k 

for k G Uf+ C (al + c> jl ), then X = # k . 

Proof. It follows from Corollary 16. 2. 31 and the previous proposition. □ 
6.2.6 

Proposition. For k G Z"'+ c (al + c > 'yl), x I' k is a simultaneous eigenvector 
for the actions of K^(z) 's (i G {0, . . . , I — 1}). 

Proof. By definition K^(zYs commute with each other. Notice that a matrix 
which commutes with a diagonal matrix with diagonal elements different from 
each other is diagonal. It follows from Proposition I6.2.2) Corollary 16.2.31 and 
Proposition 16.2.51 that is also a simultaneous eigenvector for the action of 
K±(z). □ 

6.2.7 

Proposition. For k G Z"'+ c (al + c > jl ), we have 

p((7~ £(k) * k ) = g- e M k ))^( k ) . 

Proof. By Lemma T4 . 2 . 2 1 and Theorem l4.2.2l p{^) is also a simultaneous eigen- 
vector of Kf(z)'s (i G {0, . . . ,1 — 1}). Note that 

p(q-^* k ) = p( Mk ) + c(k,k')pK0 

k'«k 

= «p(k) + J! c ( k > k ') u p(k') 
k'«k 

and p preserves the order <. Then the statement follows from Corollary 16.2.51 

□ 

Corollary. For k G Z++ c (al + c > jl), the eigenvalue of \l/ k for K^(z) is 
given by the same formula as in Proposition \6.2.4\ 

6.2.8 

For (3 > a we write simply for L^ l+c f3l+c . 
Lemma. For k G Z"'^ c (al + c > 'yl), we have 
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Proof. By Theorem 15.2.21 l£ pi^) G A /3i+c F(z) is also a simultaneous eigen- 
vector. Note that 



£ /3 (<r e(k) * k ) = ^K) + £ c ( k ' k 'K>kO (3c(k, k') e rc) 

k'<k 

= «^ i/s (k) + c ( k ' k 'K Q v k ')' 

k'<k 

and o preserves the order <. The claim follows from Corollary 16. 2. 51 □ 

This lemma assures us of the well-definedness for the following definition : 

Definition. For a Young diagram X, take k G Z"'^ c (al + c > jl) such that 
i^ ;+coo (k) G Il c corresponds to A. We define 

*c =^ +c ,oo(^ £(k) * k )e^). 
7 Isomorphism 

In this section we construct an isomorphism between the equivariant K- 
groups of the quiver varieties and the q-Fock space. 

First we express the actions of ej. n 's on \& k , which can be done completely in 
terms of Young diagrams (Theorem l7.1.2p . This is basically due to Proposition 
16.1.41 although we need the residue theorem and a little complicated induction. 

After suitable renormalizations, we arrive at the isomorphism. 

7.1 Formula for the representation on the q-Fock space 
7.1.1 

We will give a formula for the action of ei :1l on For this the following 

proposition is essential ; 

Proposition. (1) For mi < ■ ■ ■ < mjv and ji < ji = ■ ■ ■ = ]n we have 

Va=i J C6(m)-Ca(m) ) 

where m(a) = {m a , mi, . . . , m a , . . .). 

(2) For mi < ••• < mjv-i, m^ — m a (1 < a < N) and ji = fa = ■ ■ ■ = 
we have 

$ m ® vj = 

(3) For k such that mi < • • ■ < mjv-i, m a < m^ < m a +i and fa = fa — 
' ' ' = 3n we have 

where m = (. . . , m a , tojv, m a +i, • • ■)■ 
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Proof. If j a = ja+i and m a > rn a +i we have 



$ m T Q vj 

(-g 2 + i) 



x- 1 



m (a; — q 2 )(q 2 x — 1) „ _ 
$ m (8) vj - ^ r -i^" 1 



where <r a m =(..., m a +i,m a , . . .) and x 



(x-iy 

_ Ca + i(m) 
~ Ca(m) 



by 613 
by jSlLl- 



-Ca+i(m) + g 2 C a (m) 
Ca+i(m) - Ca(m) 



. Thus 



The statement of (3) follows this. 

If j Q = ja+i and m a = m a+ i then a; = < '° + ^ 1 ^ 1 - ) = q 2 . Thus we have 



v; = $ m ® r Q vj 



(-g 2 + l) 



3C - 1 

-$ m ®vj, 



by 6X3) 
by (15X31) 



and so <E> m (g) vj = 0. This shows (2). 

We will prove (1) by induction for TV. Assume the statement is true for 
N' < N. Then 



N 



N 



A' 



\a=2 
N 



e n 



a=2 \b=a+ 



-C b (k)+g 2 Ca(k) 

iir c 6 (k)-Ca(k) # 



where m(a) = m(a) = (mi,m a , m^, ■ ■ ■ , m a , . . .). Here we use the assumption 
of induction. Although the situations are not exactly same, commutativity of 

V V 

T\ with T a (a > 3) allows us a parallel argument. 
Further we have 



(-g 2 + l) ^) 



X - 1 



® vs - $ CTim ( a ) ®V; 



n 



(~g 2 + l)Ci(m) 

Ca(m) - Ci(m) JL1 ^( m ) _ £ a ( m ) 



vj - $ m(a) <g> Vj 



We can see the coefficients of m(a) (a > 2) coincide with required ones. For the 
coefficient of m we need to check 



ffl C fc (k)-g 2 Ci(kA _ A ( {-g 2 + l)Ci(m) n q(k) - g 2 Ca(k ) 
This follows the next lemma. Z 
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Lemma. 



q + 1 TT x b - Q x a 



— - • Ml 



' N 

n 



X a ~ <£_ 

x„ - 1 



b^a I \a— 1 

Proof. Apply the residue theorem for a rational function 



f(Z) = 



1 



Z(Z-l) 1J - x„- 

v 7 a— 1 



N 

n 



□ 



7.1.2 

Theorem. 



11 HT-lTr 



R>X 

( 



\ A<X 

( \ 



11 ra* m* 



TT (^) 1/2 Bl^-^-(^)- 1/2 TT (st)- 1 / 2 ^*^-^)^ 

Proof. The formulas for iCp^'s are nothing but Proposition 16.2.41 and Corol- 
lary [(THU We will check for ej )n 's. 
For a,b E {!,..., iV} we put 



Then we have 
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ei, n ($ m ®v 

q 1_7li $— 



MM 

scc !6.2.4l 

[73512) 



a— Hi- 1 +1 



a— ni_i + l \6=a-t-l / 

a=fti_i + l \6=a+l / 



^ (t c B) n I n -?/(M)J ( II -?/(M)J *- (a) ®Vj 



i <a<ni 



\b=a' + l 



(m a ,i— l)jk 



\b=a+l 



\b=a' + l 



where 



m(a) = (.. . ,m n .,m a ,m fii+1 , . . . ,m a , . . .), 
m(a) = (. . . ,m a ,,m a ,m a , +1 , . . . ,m a , . . .), 



X a = (cjj (a) — (a) + fc a - c) denote the top node on the a-th 



line of A, and 

n t-l( a ) = ™i ~ a 'i n i ( a ) = CL — fii — 1. 



Since e(m, j) — e(m(a), j ) = n^l 1 (a) — n 4 (a) we have 



E ( ft "/(M)) ( II -/(6 > o)) g - e feW'r)$a(-)®vj- 



<a<rii 
(m ,i— l)j£k 



v.b=a+l 



\b=a' + l 



As in the proof of Proposition 16.2.41 we can arrange the right hand side of the 
above equation by classify the element of {a + 1, . . . , fii) U {a' + 1, . . . , n^-i} into 
three types, and finally we get 



xeiix.i 



AeA x ,i 
A>X 



( 



n 



R>X 



□ 
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7.2 Normalizations 
7.2.1 

Definition. For A £ II we define 

N(\) = Y[(s Xh - x n yh - yt - 1) , 

where the product runs over all l-hooks {{xh,yh), { x t,Dt))- 

We can easily verify the following lemma : 
Lemma. If X is a removable i-node of X, then we have 

n(\)/n(\\x)= n (ehzt-i) n (stmw-i) 

A&A Xti AeA XA 
A<X A>X 

n (stmm-iy 1 n 

R£R\ i RtzR\ i 

R<X R>X 

Remark. From geometrical point of view, N(X) is derived from the Kozsul 
complex of the unstable manifold , with respect to a specific C* -action, on which 
points converge to the fixed point X. 

7.2.2 

For ii £ II wc will define M(/x) £ TZ inductively First we set M(0) = 1. Let 
Y = (a, b) be the most right node of the top row of fi. Then we set 

M( M )=M( M \y) ( a -vv/ a )*- l(M) E a(6s0) 

x n ((^)- i/2 a) n {w- i/2 m*). 

A^iAp^i R£R/j,\Y,i 

A<Y R<Y 

Lemma. If X is a removable i-node of X £ II, then we have 
M(X) =M(X\X) (s- 1 IH 1 l 2 ) di ~ lW 

x n 0r 1/2 H) n ^ 

AeA x , t A£A x ,i 
A<X A>X 

x n Or v w) n sr. 

R£R\\X,i R^R\\X,i 

R<x R>x 
Proof. We divide A into Xi and A r by the vertical line on the right of X. 





X 




Xt 
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Let us write fj, < A if we can get n from A by successive removing the nodes 
on the top of the most right line of diagrams. Take ji G II such that A/ < /i < A. 
Let Y be the node on the top of the most right line of /i. 

Then we can verify 

M( M ) / M(p\X) 



M( M \y)/ m( m \(xuy)) 

= (r^P (( S t)-V 2m *) 5 ^ l) ((rfJ-Vaixl)- 4 ^ 
So we have 

M(X) I M(X\X) 
M(Xi) / M(Xi\X) 

1/2 \*-i(Ar) _ Qi _ 1 (A r )_2a 4 (A r .)+Oi +1 (A r .) 



Let j denote the content of the node on the bottom of the most left line be j of 
A r . Note that we have 5(b = 0) = S(j = i) and 

I ^Ar,»l ~ l-^Ar.il = «i-i(A r ) - 2a j; (A r ) + a i+ i(A r ) + S(J = i). 

Finally we have 

M(X) 
M(X\X) 

-l/2^/2 N | d '- l(A '' ) r^l".-i(A,)-2Q ! (A,.)+a 1+1 (A r ) 



A<X R<X 

= (s-vw 2 ) di - lW m |A ^ Hi ^ n ((*r 1/2 H) n {(*tr 1/2 m 

AeA x , t R€Rx\x,i 
A<X R<X 

So the claim follows. □ 

7.3 Main theorem 

Now we arrive at the main theorem ; 

Theorem. K^(9Jl) and F(Q) is isomorphic as representations of Ul^sli tor)- 
The isomorphism is given by 

N(X)b x .— » M (A)¥$. 

Proof. This follows from Theorem l3.2.3l Theorem l7.1.2l Lemma [7.2.1l and Lmma 
17X21 □ 
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